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CHEEGER Af-CLUSTERS 


M. CAROCCIA 


Abstract. In this paper we introduce a Cheeger-type constant defined as a minimiza¬ 
tion of a suitable functional among all the A^-clusters contained in an open bounded set 
fl. Here with Ai-Cluster we mean a family of N sets of finite perimeter, disjoint up to a 
set of null Lebesgue measure. We call any A^-cluster attaining such a minimum a Cheeger 
N-cluster. Our purpose is to provide a non trivial lower bound on the optimal partition 
problem for the first Dirichlet eigenvalue of the Laplacian. Here we discuss the regular¬ 
ity of Cheeger Ai-clusters in a general ambient space dimension and we give a precise 
description of their structure in the planar case. The last part is devoted to the relation 
between the functional introduced here (namely the N-Cheeger constant), the partition 
problem for the first Dirichlet eigenvalue of the Laplacian and the Caffarelli and Lin’s 
conjecture. 
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1. Introduction 


For a given open, bounded set 11 and an integer G N we introduce the N-Cheeger 
constant of H as; 

r N 




P{£{i)) 


£ = C £l, is an Al-cluster 


( 1 . 1 ) 


where | • | denotes the Lebesgue measure and P{-) denotes the distributional perimeter. 


We do not want to enter into the details of what a finite perimeter set is (for a com¬ 
plete overview on such a topic we refer the reader to [Magl2, Chapters 12-20]) let us just 
highlights that the distributional perimeter of a Borel set E having smooth boundary dE 
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coincide with the (n — l)-dimensional area of the boundary: 'H"' ^{dE). 

Here and in the sequel an A^-cluster £ should be intended just as a family of N Borel 
sets £ = with the following properties: 

(a) 0 < |£l(i)| < +00 for all i = 1,..., A^; 

(b) \£{i) f\£{j)\ = 0 for alH, j = 1,..., with i / j; 

(c) P{£{i)) < +00 for all i = 1,..., A^. 

As shown below in Theorem 3.4, the infimum in (1.1) is always attained and we refer 
to the minimizers as the Cheeger N-clusters of£l. 


We focus on the quantity because it seems to represent the right object to study in 
order to provide some non trivial lower bound on the optimal partition functional 


^ n \^) = inf <! \ , 


N 


(P), 


( 1 . 2 ) 


. i=l 


(p) 

where A) ' denotes the first Dirichlet eigenvalue of the p-Laplacian, defined as: 


X^\e) :=inf 



iVuIJ’dx 


u G W^'^iE), 



The infimum in (1.2) is taken over all the Ai-clusters £ whose chambers are quasi-open sets 
of £l. The family of quasi-open sets of an open bounded set H is a suitable sub-class of 

(p) 

the Borel’s algebra of H where the first Dirichlet eigenvalue of the p-Laplacian A) ' can be 
defined. The definition of quasi-open set is related to the concept of p-capacitary measure 
in M"" that we do not need to recall in here (see [EG91] for more details about it). For our 
purposes it is enough to recall that: 


the quasi-open sets are the upper levels of funetions as well as the open sets are the 
upper levels of eontinuous functions. Each open set of an open bounded set D is also a 

quasi-open set of£l. 


The importance of the partition problem (1.2) relies in the fact that it provides a way 
to look at the asymptotic behavior in N of the A^-th Dirichlet eigenvalue of the classical 
Laplacian (the 2-Laplacian), as Caffarelli and Lin show in [CL07]. The A^-th Dirichlet 
eigenvalue of the Laplacian of an open set D is recursively defined as 



Xn-i 


int 

«eXjv-i \ /^|ttpdx / 

|u G ITq^’^(D) I (u, Ui )2 = 0, for alH = 1,..., A^ — l| 


where ui,..., un-i are the first N — 1 eigenfunctions 

for alH = 1,..., A" — 1 




/^|Ui|2dx 

and (•, •)2 denotes the standard scalar product of Lf{£L) 


{u,v) 2 = / uvdx for all u, u G L^(D) 

Jn 

(see [EG91, Section 6.5] for a detailed discussion about eigenvalues and eigenfunctions). 
In [GL07], Gaffarelli and Lin prove that there exist two constants Ci and C 2 depending 
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(1.3) 


only on the dimension such that 


A(2) 

Cl ^ 


N 




( 11 ) 


N 


(2) (‘2') 
where X)^ is the A^-th Dirichlet eigenvalue. The detailed study of X)^ (H) for N > 2 seems 

to be an hard task (so far only the case Ai = 1, 2 are well known in details, see for instance 

[Hen06]) and that is why the asymptotic approach suggested by Caffarelli and Lin could 

be a good way to look at the spectral problem. We also refer the reader to [Bucl2] where 

( 2 ) 

the existence of minimizers for A)y'^ is proved. 


Caffarelli and Lin’s conjecture (appearing in [CL07]) about the asymptotic behavior of 
(Q) in the planar case states that 

AS^^(^^) = |^Af)(i7) + o(Ar2), 

where H denotes a unit-area regular hexagon. So far, no progress has been made in proving 
the conjecture, anyway numerical simulations (see [BBO09]) point out that the conjecture 
could be true. If the conjecture turns out to be true, relation (1.3) could be improved, in 
the planar case, as: 


^ NX^?{H) 


+ o{N) < X 


(H) < C2^^^ 


( 2 ) 




|L!| 


+ o{N). 


(1.4) 


In order to explain the connection between Hi\[ and 
about the classical Cheeger constant of a Borel set 11: 


we recall some well-known fact 


/i(n) := inf 


P{E) 

\E\ 


Ecn 


(1.5) 


(note that h{Q) = Hi{Q)). Given an open set fl, each set E C such that h{fl) = is 
called Cheeger set for Vt. It is possible to prove that each Cheeger set E for II is a (A, ro)- 
perimeter-minimizing inside 11 (see Definition 3.1 below) and that d*E <^0. is a constant 
mean curvature analytic hypersurface relatively open inside dE (here d*E denotes the 
reduced boundary of the finite perimeter set E, we refer the reader to [Magl2, Chapter 
15] for further details). Furthermore, the mean curvature C of the set E in the open set 
D is equal to C = :^^h{E). We refer the reader to [Parll] and [Leol5]: two exhaustive 
surveys on Cheeger sets and Cheeger constant. 


The Cheeger constant was introduced by Jeff Cheeger in [Che70] and provides a lower 
bound on the first Dirichlet eigenvalue of the p-Laplacian of a domain D. By exploiting 
the coarea formula and Holder’s inequality it is possible to show that for every domain D 
and for every p > 1 it holds. 


aS^^(L!) > 



( 1 . 6 ) 


The Cheeger constant is also called the first Dirichlet eigenvalue of the 1-laplacian since, 
thanks to (1.6) and to a comparison argument 


limX^f\n) = h{n). (1.7) 

p—>-i 


See, for example, [KN08] for more details about the relation between the Cheeger constant 
and the first Dirichlet eigenvalue of the p-Laplacian or [BB05] and [But 11] for more details 
about the spectral problems and shape optimization problems. 
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We note here that the constant H]\f is the analogous of the Cheeger constant in the 
optimal partition problem for p-laplacian eigenvalues. We refer the reader to [Par09], 
where a generalized type of Cheeger constant for the 2-nd Dirichlet eigenvalue of the 
Laplacian is also studied. As we show in Proposition 6.2 below, we can always give a lower 
bound on by making use of (1.6) and Jensen’s inequality: 


> 


ATP-I 


H 


N 


my 

p ) 


( 1 . 8 ) 


By combining (1.8) with a comparison argument (see Theorem 6.2 below) we are also able 
to compute the limit as p goes to 1 and obtain 





(1.9) 


Thus, the constant H]\f seems to provide the suitable generalization of the Cheeger con- 

(p) 

stant for the study of Aj^h 


In this paper we mainly focus on the general structure and regularity of Cheeger N- 
clusters in order to lay the basis for future investigations on JJjy. In the final section, once 
we have proved (1.9), we study the asymptotic behavior of H]\f in the planar case. The 
statements involving regularity are quite technical and we reserve to them the whole Sec¬ 
tion 2 (Theorems 2.1, 2.3 and 2.7), we just point out here that if T is a Cheeger Wcluster 
of U the following statement holds. 


Theorems 2.1, 2.3 and 2.7. For every i = the redueed boundary of each 

chambers d*£{i) n is a hyper surf aces (for every a G (0,1) ) that is relatively open 

inside d£{i) n U. Furthermore it is possible to charaeterize the singular set of a Cheeger 
N-eluster £ as a suitable eolleetion of points with density zero for the external ehamber 

N 

£{0) = n\[j£{i). 

i=l 

Moreover if the dimension is n = 2 then the singular set is discrete and the ehambers 
£{i) CC n are indeeomposable. 

Note that, in this context, the external chambers should be intended as 11 \ (UjT(i)) 
instead of M” \U^(^) as usual (that is because the ambient space is 11 in place of M”). 
As we are pointing out below, also the dehnition of ’’singular set of a Cheeger A^-cluster” 
must be given in a slightly different way (see (2.3)) from the standard one d£ \ d*£, since 
this last set turns out to be too small. Let us postpone this discussion below to Section 
2 where precise statements are given, and let us, instead, briefly focus on the asymptotic 
properties of Hn (to which Subsection 6.1 is devoted). 


We note that for JJat it is reasonable to expect a behavior of the type 

77jv(ii) = c{n)m +o{m), 


( 1 . 10 ) 


for some constant (7(11). In Theorem 6.3 (Property 3) ) we provide some asymptotic 
estimate for showing that the exponent | in (1.10) is the correct one and proving that 
for any given bounded open set H C it holds 


h{B)y/TT 


< liminf 

A^^+OO 


3 

N2 


< limsup 

A^^+oo 


3 

N2 


^ KH) 
~ v^’ 


( 1 . 11 ) 
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We here conjecture that 




KH) 

v^’ 


which is nothing more than Caffarelli and Lin’s conjecture for the case p 
thanks to (1.8) this would imply 


1. Note that, 




Ar2 

N 



+ o(iV'), 


( 1 . 12 ) 


a ’’weak” version of Caffarelli and Lin’s conjecture. It seems coherent and natural to ex¬ 
pect this kind of behavior for H]\f{0,). 


The paper is organized as follows. In Section 2 we present and comment the three main 
statements describing the regularity property and the structure of Cheeger Wclusters. 
Sections 3, 4 and 5 are devoted to the proof of the Theorems introduced in Section 2. 
In the final section 6 we show the connection between and and we establish the 
asymptotic trend of (for N sufficiently large) in the planar case. 

Acknowledgments. The author is grateful to professor Giovanni Alberti for his use¬ 
ful comments and for the useful discussions about this subject. Thanks to Gian Paolo 
Leonard! and Aldo Pratelli for have carefully reading this work as a part of the Ph. D 
thesis of the author. The author is also grateful to Enea Parini for the useful comments 
about Proposition 4.4. The work of the author was partially supported by the project 
2010A2TFX2-Calcolo delle Variazioni, funded by the Italian Ministry of Research and 
University. 


2. Basic definitions and regularity theorems for Cheeger A-clusters 

We present three statements that we are going to prove in Section 3 and in Subsections 
4.2 and 5.2. 

In Section 3 after we have shown existence of Cheeger A-clusters for any given bounded 
ambient space H with finite perimeter (Theorem 3.4) we provide the partial regularity 
Theorem 2.1. Set, for a generic Borel set F and for i = 1,..., A 

S(£:(i);F):=[9£:(i)\r£:(i)]nF, (2.1) 

S(£:(z)) ;= S(£:(i);M"). (2.2) 

Theorem 2.1. Let n > 1, A > 2. Let 12 C 6e on open bounded set with finite perimeter 
and S be a Cheeger N-cluster of 12. Then for every i = 1,..., N the following statements 
hold true: 

(i) For every a G (0,1) the set 12n9*T(i) is a 0^'°^ -hypersurface that is relatively open 

in 12 n d£{i) and it is equivalent to 12 n d*£{i); 

(ii) For every i = 1,..., A the set d£{i) n 12 can meet 5*12 only in a tangential way, 
that is: 5*12 n d£{i) C d*£{i). Moreover for every x G 5*12 n d£{i) it holds: 

= m{x). 

Here vn denote, respectively, the measure theoretic outer unit normal to £{j) 
and to 12; 

(hi) S(T(i);12) is empty if n < 7; 

(iv) S(T(i);12) is discrete if n = 8; 

(v) ifn>9, then 22^(E(T(i); 12)) = 0 for every s > n — 8. 
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For proving (i), (in), (iv) and (v) we simply show (in Theorem 3.6) that each chamber 
£{i) is a (A, ro)-perimeter-minimizing in 17 (see Definition 3.1 below) and then we make 
use of the De Giorgi’s regularity Theorem 3.2, retrieved below for the sake of complete¬ 
ness. We re-adapt an idea from [BM82] based on the fact that a solution of an obstacle 
problem having bounded distributional mean curvature is regular. Assertion (ii) follows 
as a consequence of [LP14, Proposition 2.5, Assertion (vii)] retrieved below (Proposition 
3.7). 

Remark 2.2. We need to ask that D is bounded otherwise no Cheeger A^-clusters are 
attained. Indeed if 17 is unbounded, by intersecting 17 with N suitable disjoint balls of 
radius approaching +oo we easily obtain = 0. 

2.1. The role of the singular set S(T). Note that Theorem 2.1 yields the inner reg¬ 
ularity of all the chambers, differently from the Theorems appearing in literature about 
regularity of isoperimetric A^-clusters (see for example [CLM15, Corollary 4.6], [Magl2, 
Chapter 30]) that usually involves the topological boundary and the reduced boundary of 
the whole cluster 

N N 

d8:=\Jd8{i), d*8 := U d*8{h)^d*8{k). 

i=l 0<h<k<N 

Usually the singular set of an iV-cluster 8 is defined just as {88 \ 5*T) n 17 and all the 

regularity results for these kind of objects involve this definition of singular sets. The 
stronger regularity of the chambers given by Theorem 2.1 somehow affect the behavior of 
the singular set. For example consider the case n <7. In this case, according to Theorem 

2.1, for a Cheeger A^-cluster it must hold that 

{88 \ 8*8) n 57 = 0, 

and this would lead us to say that the singular set of a Cheeger Wcluster is empty which is 
clearly not the case. Indeed let us highlights that there is somehow an ’’hidden chamber” 
that plays a key role and influences the behavior of the global structure of these objects, 
namely the external chamber: 

/ N 

8{Q) = ^\[[j8{i) 

Vi=i 

Even if Theorem 2.1 provides a satisfactory description of S(T(f),57), this does not 
exhaust the analysis of the singular set of 8. Indeed the chamber T(0) is not regular 
after all and there are points in 5T(0) of cuspidal type. For a complete description of the 
singularity, the correct definition of singular set of a Cheeger N-cluster 8 in the Borel set 
F must be given as 

N 

S(T; F) := S(£:(0); F)u[J S(£:(i); F), (2.3) 

i=l 

where for i ^ 0 the set T,{8{i)) are the ones defined in (2.1) and (2.2), while for i = 0 we 
clearly set 

S(£:(0); F) = [a£:(0) \ 5*£:(0)] n f. 

With these definitions, {88 \ 8*8) n 57 C S(T;57). Since Theorem 2.1 do not provides 
information about S(T(0)), we focus our attention on it in Subsection 4.2 where the 
following theorem is proved. 

Theorem 2.3. Let 1 <n <7,N >2, Let 57 C 6e on open, connected, bounded set with 
boundary and finite perimeter and 8 be a Cheeger N-cluster ofQ. Then the following 
statements hold true. 
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Figure 2.1. The set Hq built as the union of the interior of the Cheeger N- 
cluster of an open set O. The external chamber of this Cheeger A^-cluster of Hq is 
empty because of the cusps at the boundary of the open set. 

(i) £1(0) is not empty and ndS{j)) > 0 for all i = 1 ,..., N ; 

(ii) S(£l(0);r2) = (9£1(0) n £1(0)^*^^, S(£1(0);11) is closed and 

N 

S(£:(0);11) = 52n U {d£ij)nd£ik)nd£{0)) (2.4) 

j,k=l, 

Here £1(0)^°^ denotes the collection of the zero n-dimensional density points of £{0). In 
general in the sequel we are adopting the notation by meaning the collection of points 
of'ME where the n-dimensional density of the set E exists and it is equal to t. 

Remark 2.4. Note that Assertion {ii) of Theorem 2.3, stated as above, would be mean¬ 
ingless if we do not ensure that |£1(0)| > 0 (that is Assertion (i), proved in Proposition 
4.4). The assumption on H to be connected and with C^-boundary are the necessary ones 
to ensure the validity of this fact. Probably, the theorem remains true also by replacing 
boundary with Lipschitz boundary. Anyway we prefer to state and prove it by taking 
advantage of this stronger regularity on d£l in order to avoid some technicality. Let us 
also point out that there are situations where is not connected or d£l is not Lipschitz 
and where £1(0) turns out to be empty. For example, given a set H and one of its Cheeger 
Ai-cluster £, we provide a counterexample by defining the new open set 

^ 6 ') j • 

The A'-cluster £ will be a Cheeger Ai-clusters of Hq also and, by construction, |£1(0)| = 0 
(see Figure 2.1). The reason is that Hq has no regular boundary. As a further example 
one may also consider the case when H is the union of N disjoint balls. Anyway, it is 
reasonable to expect that, no matter what kind of ambient space H we choose, for N 
sufficiently large the chamber £1(0) will be not empty. 

Remark 2.5. Note that we ask for the dimension n to be less than 7. That is because, 
to prove Theorem 2.3, we exploit the regularity given by 2.1 and we prefer to deal with 
the favorable case n <7 where the singular set S(£l(i);H) = 0 for i / 0. Let us also 
point out that Assertion {ii) remains true also in dimension bigger than 7 up to replace 
H with £Iq = £l\ Uj^oS(<?(^); ^)- The interesting and not-trivial fact is that we actually 
do not know if assertion (i) remains true in dimension bigger than 7 since, in the proof of 
Proposition 4.4 (the crucial one in order to prove assertion (i)), we make a strong use of the 
fact Ti{£{i); £l) = 0. Roughly speaking in dimension bigger than 7 it could happen that the 


Sio = I^U 
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chambers, by taking advantage of the possible presence of singular points x G S(£l(i);n), 
can be combined in a way that kill (0) even under a strong regularity assumption on 17. 

Remark 2.6. Somehow assertion (ii) of Theorem 2.3 is saying that the only singular 
points of £ are the one where a cusp is attained. Now we can give a complete description 
of the singular set S(T;17) of a Cheeger N’-cluster of an open, bounded, connected set 17 
with finite perimeter and boundary in dimension less than or equal to 7. By combining 
Assertion (in) in Theorem 2.1 and assertion (i) in 2.3 we can write 

^(T; 17) = S(T(0); 17) = (9£:(0) n £:(0)(°)) n 17. 


2.2. The planar case. Theorem 2.3 gives us a precise structure of S(T;17). We do not 
focus here on the singular set S(T; 917) anyway, by exploiting the C^-regularity assumption 
on 917, it is possible to prove a result in the spirit of Theorem 2.3 also for the singular 
set S(T(0);917) (and thus characterize S(T;917)). Let us point out that, at the present, 
the crucial information 77"'“^(S(T(0); 17)) = 0 is missing. We are able to fill this gap when 
the ambient space dimension is n = 2, together with some remarkable facts stated in the 
following theorem (proved in Subsection 5.2). 


Theorem 2.7. Let n = 2, N > 2. Let 17 C 6e an open, connected, bounded set with 
boundary and finite perimeter and £ be a Cheeger N-cluster ofQ. Then the following 
statements hold true. 

(i) The singular set S(T(0);17) is a finite union of points {xj}j^^ C 17. 

(ii) For every j, k = 0,..., N, k j the set 


Ej^k ■■= [d£{j) n d£{k) n 17] \ S(£:(0); 17) 

is relatively open in d£{j) (d£{k)) and is the finite union of segments and circular 
arcs. Moreover the set £{j) has constant curvature Cj^k inside each open set A 
such that Ar\d£{j) C Ej^k- The constant Cj^k is equal to: 


Cj^k — 


|g(fc)|fe(g(i))-|g(i)|fe(g(fc)) 

l^(i)l+l^(fc)l 


if k fit), 
if k = 0. 


(2.5) 


As a consequence the set £{k) has constant curvature Cj^k = ~Ck,j inside each 
open set A such that A n d£{k) C Ekj (= Ej^k); 

(hi) Each chamber £{j) CC 17 is indecomposable. 


We refer the reader to [Magl2, Section 17.3] where the Definition of distributional mean 
curvature of a finite perimeter set E together with a satisfying treatment of this concept 
is provided. 


Remark 2.8. Theorems 2.1, 2.3 and 2.7 allow us to provide examples of planar Cheeger 
Ai-cluster. The one depicted in Figure 2.2 is a possible Cheeger 6-clusters. Let us highlight 
that we do not want to suggest that the object in the figure is exactly the Cheeger 6-cluster 
of the set 17. We just want to point out the possible structure of such objects. 

Remark 2.9. Let us notice that Assertion {i) of Theorem 2.7 could fail when we replace 
S(T(0); 17) with S(T(0); 917). Indeed we can always modify 17 at the boundary in order to 
produce a set 17o having the same Cheeger Wclusters of 17 and kissing the boundary of 
some d£{i) in a countable number of points (see Figure 2.3). 

Remark 2.10. We speak of “curvature of chambers” £{j),£{k), instead of curvature of 
interfaces d£{j)r\d£{k) in order to point out that the sign of the constant Cj^k depends on 
whether we are looking at d£{j) n d£{k) as a piece of the boundary of £{j) or as a piece 
of the boundary of £{k) (namely it depends on the direction of the unit-normal vector to 
d£{j) n d£{k) that we choose). 
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Figure 2.2. An example of a possible Cheeger 6-cluster in dimension n = 2 
suggested by Theorems 2.1, 2.3 and 2.7 



Figure 2.3. By gently pushing dfl we can build as many contact points as we 
want. This proves that Assertion (i) in Theorem 5.4 does not hold in general for 
S(£(0);5fl). 


Remark 2.11. Note that the set could be empty. For example, if d£{j)r\d£{k)r\Q. = 
{a:} consists of a single point, thanks to our characterization (assertion [ii) Theorem 2.3) 
X G S(T(0); Q). However, for some k = 0,..., N, k ^ j it must clearly holds T-L^{Ej^k) > 0. 
The natural question is whether there exists a chamber such that Ej^k = 0 for all k ^ 0. 
We provide a lemma (Lemma 5.2) that excludes this possibility whenever £{j) CC O and 
this will be our starting point for proving assertion (in) in Theorem 2.7. 

Remark 2.12. Since Ej^k is relatively open in d£{j) H d£{k) we can find an open set A 
such that A n d£{k) H d£{j) = Ej^k and conclude that d£{j) must have constant mean 
curvature in A (that is, on Ej^k)- In the sequel we sometimes refer to the distributional 
mean curvature oi£{i) on E C d£{i), a relatively open subset of d£{i), as the distributional 
mean curvature of £{i) inside the open set A such that A n d£{i) = E. 
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Remark 2.13. Assertions (i) and (ii) in Theorem 2.7 tell us that a chamber £{j) has 
distributional curvature inside O equal to 

N 

H£(j)ix) = E Cj^k^Ej for ^^-almost every x G d£{j) n . 

k=0 

k,^j 


Indeed, since the set S(T(0);n) is finite, d£{j) n 12 is ^^-equivalent to [jkJ^j fo 

particular, if T G C'“(n;M^) then 


f <i^^£ij){T)d'H^{x) = Yj f dw£,^j){T)d'H\x) 

ld£U)r\0 Jd£{j)nEj^kr\n 

k,¥=j 

N 

= ^ / Cj^k{T ■ i'£{j)){x) dn^x) 

k=o Jd£{j)r\Ej^kr\n 
k,¥=j 

r N 

• ’^£{j))ix) Cj^k'^Ej^dx) d'H\x) 


id£{j)nn 


k=0 

k,^j 


We finally point out that, even if the indecomposability of the chambers is usually an 
hard task in the tessellation problems, in this case, thanks to a general fact for Cheeger 
sets (Proposition 5.2), we can easily achieve the proof of Assertion (in) in Theorem 2.7. 
This will be particularly useful when focusing our attention on the asymptotic behavior 
of Hj\f. 


3. Existence and regularity 

This section is devoted to the proof of Theorem 2.1. We premise the following subsection 
where some technical facts are recalled. 

3.1. Technical tools. 

Definition 3.1 ((A, ro)-perimeter-minimizing inside 12, [Magl2] pp. 278-279). We say 
that a set of finite perimeter E is a (A, ro)-perimeter-minimizing in 12 if for every Br C 
with r < vq and every set F such that EAF CC Br, it holds 

P{E;Br) < P{F]Br) + A\EAF\. 

The following theorem clarifies why Definition 3.1 is so important (see [Magl2, Chapter 
21 and pp. 354, 363-365]). 

Theorem 3.2. 7/12 is an open set in n > 2 and E is a {A^ro)-perimeter-minimizing 
in 12, with Aro < 1, then for every a G (0,1) the set 12 n d*E is a hypersurface that 
is relatively open in 12 n dE, and it is 72”“^ equivalent to 12 n dE. Moreover, setting 

S(E;12) :=nn{dE\d*E), 

then the following statements hold true: 

(i) if‘^An< 7, then T,{E;Q,) is empty; 

(ii) if n = 8, then E(E; 12) is discrete; 

(hi) i/n > 9, then 72^(S(E;12)) = 0 for every s > n — 8. 

In every dimension greater than or equal to 8 it is possible to exhibit an example of 
a (A,ro)-perimeter-minimizing set E with 72'^“®(S(E)) > 0 (see [DPP09], [BDGG69], 
[Magl2, Section 28.6]). Hence assertion (Hi) cannot be improved and the only thing that 
we can say is that the Hausdorff dimension of the singular set S(77; 12) is at most n — 8: 
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dim(S(£')) < n — 8. 

Before entering in the details of the proof of Theorem 3.6 let us remark that, by ex¬ 
ploiting the general structure of sets of finite perimeter (see [Magl2, Theorems 15.5, 15.9, 
16.2, 16.3]), it is possible to derive the inequality 

P(F \ ^;; ^) + P{E \F-,A)< P{F; A) + P{F; A) (3.1) 

holding for every couple of sets F, F of locally finite perimeter and for every open set A. 

In order to prove Theorem 3.6 we also recall the following definition. We say that a 
set of finite perimeter M has distributional mean curvature less than g G in it 

if, there exists rg such that for every Bj. CC it with r < rg and for every L P M with 
M \ L CC Br, it holds 

P{M-,Br) <PiL-,Br)+ [ gix)dx. (3.2) 

Jm\l 

We also premise the following technical lemma. Since we were not able to find in 
literature a proof of this fact we provide also a proof. 

Lemma 3.3. If Fi,..., F^ are k sets of locally finite perimeter such that 

\l 

then the following holds: 

, (y«). 


where the symbol ^ means equal up to an P"' ^ -negligible set. In particular for every ball 
Br = Br{x) it holds: 

/ k \ k k 

p U ^ p{Fp, Br) - n^-\d*Fi n d*Fj n Br). (3.4) 

\i=l / 2 = 1 2,^ = 1, 

Proof. Relation (3.4) follows straightforwardly from (3.3). We recall from Federer’s The¬ 
orem [Magl2, Theorem 16.2] that d*F « F^^) for every locally finite perimeter set F. 
Hence, by setting Fq = lj^=i h is enough to prove that there exist two ^-negligible 
set Ml , M 2 such that 

P{F^^'>UM2). (3.5) 

Let us also recall that, if P is a set of locally finite perimeter then there exists an 
negligible set R with the following property 

= pW UP(5) UP. 


P' 2 j 


C Ml U 


U®. 

u=i 


ii) 


U 

\ ui=i 
\ jy* 




/ 


n Fj 1=0 H i jj 


Ua-E. \ 


( . \ 


vi=l 


\ * 4=1 
\ jP* 


/ 




i=l 


\ -1’=^ 


U d*Fjnd*F, 

\ 

/J 


Q d*Fj n d*Fi 


(3.3) 
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(3.6) 


Thus, for every i = 0,..., k, we choose Ri to be the 'H"' ^-negligible set such that 


r = ^ u ^ u Ri, 


and we set 

( k \ k 

4^^ n 0 ] , M 2 := U R^. 

i=l J i=l 

We prove that (3.5) holds with this choice of Mi, M 2 (note that 'H^~^{Mi) = 'H'^~^{M 2 ) = 
0 is immediate). Let us set, for the sake of brevity 


F := Ml U 


/ 




U4^M \ u 


Vi=l 


I hi=i 

\ 


/J 


and divide the proof in two steps. 

(1) (1) 

Step one: E^ Q F. In particular we prove that if x ^ F then x ^ E^ . For x ^ F 
one of the following must be in force 


.(I) 


v*=i 




\ 


u 

nF^^^ 


, *J=1 

Via 

/ 


b) X ^ Ml and x ^ in this case either: 

b.l) X ^ f 4 and x G F* and x ^ f U > 

i=l Vi=l / 

b.2) X ^ f 4 and x ^ F* and x ^ f U -^41 > 


i=l 

k 


V2=l 

k 


b.3) X G f 4 and x ^ F* and x ^ U 4 


(I) 


i=l 


Ki=l 


If situation a) is in force we immediately have that x G E^ n F^ for some i ^ j which 

leads to X G Fq^^ (since |Fj n Fj| = 0) and thus x ^ 4^^- Since b.l) and b.2) implies 

(1) 

straightforwardly x ^ Fq , we need just to verify that situation b.3) cannot be attained. 
Assume b.3) is in force and note that, for every i = 1,... ,k, thanks to (3.6) it must hold 
X G f|^^ UF|^\ If X G f|^^ for all i we have x G E^\ If, instead, x G E^'^ for some i then 

X G Fq^\ In both cases we reach a contradiction because of x G F0\ 

Step two: F C {Eq' U M 2 ). For every x G F one of the following must be in force, 
a) X G Mi; 


and X ^ Ml and in this case either; 




( ^ \ 

U4^^nF0) 

V*=i / 


/ 
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b.l) xG 

b.2) xG 

Vi=l / 


u 




. iJ=l 
\ j¥=^ 


J 


U 

1 *J=i 
\ j^i 

,(l) 


<«ni.p 


and X ^ -Ri; 
i=l 


and X ^ 




If a) is the case, then x G Mi cEq and we are done. If b.l) is in force then there exists 

exactly one j such that x G and x G E^^'^ for i / 0,j since the sets are 

disjoint up to an ^"'-negligible set. Thus 

^ \EinBr{x)\ 


\ Eq) n Br{x)\ _ ^ _ \Ej n Brix)\ 


uj„r'‘ 




E 

i=l^ 


(XnV' 


which, passing to the limit as r goes to O"*" implies x G (M" \ = Eq^\ Finally, by 

considering situation b.2) we deduce that there exists exactly one j G {1,..., A:} such that 

X G Ej^'^ and x G Ef^^ U for i / j. If x G Ef’^ for all i ^ 0,j then, as above x G Eq'^^ 

and this is a contradiction (in this situation we are assuming x ^ Eq'). Hence there is 
an index i ^ 0 such that x G Ri which means x G M 2 . The proof is complete. □ 

3.2. Proof of Theorem 2.1. We start by proving the existence and then, separately, we 
prove the regularity for Cheeger Wclusters. 

Theorem 3.4 (Existence of Cheeger Wclusters.). Let LI be a bounded set with finite 
perimeter and 0 < |H|. For every N G N there exists a Cheeger N-cluster of LI, i.e. an 
N-cluster S C. LI such that: 

Ir i£(i)i' 

Moreover each Cheeger N-cluster of LI has the following properties: 


\£i^)\ > 

n'-UJn 

2"Hiv(H)” 

for all i = 1,. 

..,N, 

(3.7) 

h{£{i)) 

P{£{i)) 

\£i^)\ 

for all i = 1,. 

..,N. 

(3.8) 


Proof. Clearly Hn{LI) < -|-oo since we can always choose, for example, Bi,... B]\f disjoint 
balls such that n H| >0 and obtain 

N 

h'i M- I ] \ n 

(3.9) 

I O.- I I I 

i=l 

Moreover, thanks to the fact that LI is bounded we deduce Hn{LI) > 0. Indeed for every 
Ai-cluster £ G. LI, the isoperimetric inequality for sets of finite perimeter implies 




N 


>niV 


iHi; 


hence 


' \ 

Hn{LI) > ( pJ >0. 
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Consider a minimizing sequence = {£^of A^-clusters such that 


N 


k^+oo \c^{l)\ 

1=1 


Note that 


N 


P{S\i)) < |0| < 2|J7|i7^(0). 


Moreover, by exploiting again the isoperimetric inequality for sets of finite perimeter, we 
provide the bound 


n 


/ OJn 


- 


and thus 


sup |max |p(£i^(i))|| < 2|n|i7Ar(ri), 


inf <1 min ||£i^(i)|| 


> 


rPuJn 


(3.10) 


(3.11) 


2^HN{^y 

Thanks to the boundedness of 11 and to (3.10), we can apply the compactness theorem for 
sets of finite perimeter (see [Magl2, Theorem 12.26]) and deduce that, up to a subsequence, 
each sequence of chambers S^{i) is converging in to some S{i) C H as /c —)■ +oo. Equa¬ 
tion (3.11) implies the lower bound (3.7) while the lower semicontinuity of distributional 
perimeter (see [Magi2, Proposition 12.15]) yields: 

< Vliminf 


1.X.LXJ. XXXX / I — T / \ I 

fc-:-|-oo \£^ii)\ 

1=1 

Property (3.8) immediately follows from minimality. 

Remark 3.5. Thanks to property (3.8) Rat can be equivalently defined as 

r 


N 


Hr,{n) = \ Y,h{£{i)) 


. i=l 


Ten N-Cluster 


1 


□ 


(3.12) 


We now show that every Cheeger Wcluster of a given open set is a (A, ro)-perimeter- 
minimizing inside H that will implies immediately assertion (i), (in), {iv), (u) in Theorem 
2.1 by applying the regularity Theorem 3.2. 


Note that, for proving regularity in the case of Cheeger iV-clusters we have to deal 
with the possible non trivial components d£(i) (1 d£(j). Roughly speaking, property (3.8), 
implies that both £{i) and £{j) must have mean curvature bounded from above. This 
leads us to say that the mean curvature of £{i) {£{j)) on d£{i) n £{j) must be bounded 
from below as well and so neither outer nor inner cusps can be attained. This approach is 
based on an idea from [BM82], where the authors prove a regularity result for the solutions 
of some obstacle problems. 

Theorem 3.6. Let fl he an open bounded set and £ be a Cheeger N-cluster of CL. Then 
there exists A, ro > 0 depending on £ with Arg < 1, such that each £{i) is a (A, ro)- 
perimeter-minimizing in Q. As a consequence, for every i = 1,... ,N the set 11 n d*£{i) 
has the regularity of Theorem 3.2. 


14 



Proof of theorem 3.6. We start by fixing i G {1,..., iV} and by defining 

N 

M, = u m- 

i=i, 

We divide the proof in two steps. 


Step one. We prove that each Mj has distributional mean curvature less than 
in n. Let B^- CC 17 be a ball and L C Mi be a subset of finite perimeter of Mi with 
Mi \ L CC Br. What we need to prove is 

P{Mi-Br) < PmBr) + HN{^)\Mi\L\. (3.13) 


Note that, up to choosing r < ro = always assume \£{j) n L| > 0 for every 

j / i. Indeed Mi \ L CC Br and, if by contradiction we assume \£{j) n L| = 0 for some 
j ^ i, this would mean £{j) C Br up to a set of measure 0 which implies (because of 
property (3.7) and thanks to the choice of ro) ; 


n'^UJn 


< \£{j)\ < ujnr^ < 




that is impossible. 


By minimality it must hold: 

P{£{j)) P{£{j)nL) 

\£ij)\ - \£{j)nL\ 


for every j ^ i, 


that leads to: 

P{£ij)-Br) + Pi£ij);B-) ^ P{£{j) n L; Br) + P{£{j)\B-) 
rai - \£U)\-\£U)\L\ 

P{£{j)- Br) < P{£{j) n L; Br) + \£ij) \ L\h{£{j)). (3.14) 

By exploiting (3.4) in Lemma 3.3 and (3.14) above we obtain 
P{Mi-,Br)=P{Cj^i£{j)]Br) 

(3.4) in Lemma 3.3 = E P(^U);Br) - ^ B^~Hd*£ij) D d*£{k) C Br) 

(3.14) < E n \ 

j¥=i 

- E 'H'^~Hd*£{j)nd*£{k)nBr) 

kM 

<Y,Pi£U)^L;Br)- E n^~\d*£{j)nd*£{k)nBr) 

kM 

+ HNm\M^\L\, (3.15) 

where in the last inequality we have used the formulation of PIn as in (3.12). By exploiting 
again Lemma 3.3 for {£{j) H L}j^i we obtain 

P{Mi n L; Br) = ^P(e{f)nL-,B.) 

- E B^~\d*{£{j)nL)nd*{£{k)nL)nBr). (3.16) 

k,j¥^i kM 
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Thanks to the fact that 

d*{£{j) n L) n d*{£{k) r\L)r\Br^ n d*£{k) n d*£{j) n Br 
we are lead to 

Y,P{£{j)r\L;Br)- Y. n"~\d*£{k)r\d*£{j)r\Br)<P{L-Br), (3.17) 

k,j^i k^j 

where we have exploited also [{Mi n L)AL] n = 0- By combining (3.17) with (3.15) we 
reach 

P{Mv, Br) < P{L- Br) + HN{^)\Mi \ L|, 
and we achieve the proof of Step one. 

Step two. We now prove that £{i) is a (A, ro)-perimeter-minimizing for a suitable 
choice of A and ro < 4 ^h^{q.) (according to Step one). Let Br CC £l and F be such that 
FA£{i) CC Br- Define E := F \ Mi and observe, by minimality of £ and by the relation 
£{i) ^^B'^ = {F\ Mi) n B^^ that: 

P{£ii)) ^ P{E) 

\£{t)\ - \E\ ■ 


Hence 

P{£{iy,Br) + P{£{i)-,B^,) ^ P{E\Mi-Br) + P{E\Mi-,B^,) 

\£{i)\ - \E\-\Ef^Mi\ 

^ P{E\Mi-,Br) + P{£iiy,B'f) 

- [£{{)[ + (|F n Br\ - \£{i) n H^l) - |F n Mi\ ■ 

If we expand the last inequality we get: 

P{£{i)-,Br)\£{i)\ < P{E \ Mi-, Br)\£{i)\ + P{£ii)){\E n M,| + \£{i) n Br\ - |F n H,|), 
which means (by observing that F n Mi C F\£{i)), 

P{£{iyBr) < P{F\Mi-,Br) + 2h{£{i))\£{i)AF\. (3.18) 

By making use of (3.1) we obtain 

PiF \ Mv, Br) < P{F-, Br) + P{Mf, Br) - P{Mi \ F; Br) (3.19) 

Since Mi \ F C Mi and (Mi \ F)AMj CC Br we can use step one (relation (3.13)) with 
L = Mi \ F for conclude that 

P{Mp,Br) < P{Mi\F-,Br) + Hp^in)\M,\iMi\F)\ 

< P{Mi\F-,Br) + HN{n)\MinF\. 

Hence 

P{Mi-, Br) - P{Mi \ F; Br) < Fjv(L!)|F \ £{i)\. (3.20) 

By plugging (3.20) in (3.19) we obtain 

P{F\Mi-,Br) < P{F-,Br) + HNin)\£{i)AF\ (3.21) 

and by using (3.21) in (3.18) we find 

P{£{iy,Br) < P{F-,Br) + 2,HN{^)\£{i)AF\. 

By choosing A = 3F^(D) and ro = we conclude that each £{i) is a (A, ro)- 

perimeter-minimizing with Arg < 1 and we achieve the proof. □ 

Proof of assertion (ii) can be viewed as a consequence of [LP14, Proposition 2.5, Asser¬ 
tion (vii)] recalled below for the sake of clarity. 
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Proposition 3.7. Let A be an open and bounded set and let E be a Cheeger set A. Then 

d*Ar\dE C d*E. 

Moreover for every x ^ d* A r\ dE it holds that 

ve{x) = ea{x), 

where ve, va denotes the measure theoretic outer unit normal to E and A respectively. 

The proof of Proposition 3.7 follows by combining the fact that each Cheeger set E 
is a (A, ro)—perimeter-minimizing in A with the fact that the blow-ups of dA at a point 
X ^ d* A converge to an half plane. 

Proof of Theorem 2.1. Assertion (i), {Hi), {iv), (v) follow by combining Theorems 3.6 and 
3.2. Assertion (ii) is obtained by noticing that each chambers £{i) is a Cheeger set for 

N 

A = n\ [j£{j) 

i=b 

and then by applying Proposition 3.7. □ 

4. The singular set S(T) of Cheeger A^-clusters in low dimension 

The following results are all stated and proved for open bounded and connected sets 
n C having boundary and with the ambient space dimension less than 8 . We 
ask n to be connected and with boundary because this is enough to avoid degenerate 
situations where |T(0)| = 0 (see Remark 2.4 where a Cheeger A^-cluster with |T(0)| = 0 is 
provided). 

We obtain the proof of Theorem 2.3 by combining different results, sated and proved 
separately in Subsection 4.2. We premise some technical lemmas. 

4.1. Technical lemmas. 

Lemma 4.1. If n <7, Id is an open, bounded, connected sets with boundary and finite 
perimeter and £ is a Cheeger N-cluster of £l it holds 

d*£{i) = d£{i) for all i / 0 . 

Proof. We decompose d£{i) as 

d£{i) = {d£{i) n 11) U {d£{i) n dLl). 

and we note that 

d£{i) n n = d*£{i) n Q, 

because of Assertion (iii) of 2.1. Moreover, since 11 has boundary d*£l = 511 and thus, 
thanks to Assertion (ii) we have also 

d£{i) n 511 = d£{i) n 5*11 c d*£{i). 

Hence 

d*£{i) C d£{i) = {d£{i) n H) U {d£{i) n 511) C d*£{t), 
and we achieve the proof. □ 

Remark 4.2. If n < 7, H is an open, bounded, connected set with finite perimeter and 
C^-boundary and T is a Cheeger Ai-cluster of H, by considering E{k) = £{k) U d£{k) for 
k fit), thanks to Lemma 4.1 we must have \F{k)/S.£{k)\ < |5T(A:)| = 0 and thus 

P{E{k)) = P{£{k)). 

For this reason in the sequel we are always assuming that each chamber £{k) for /c 7 ^ 0 is 
a closed set with d*£{k) = d£{k). 
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Lemma 4.3. Let n < 7, N > 2 and O be an open, bounded and connected set with 
boundary and finite perimeter in M”. If £ is a Cheeger N-cluster of O, then for every 
X G and every k = 1,..., N there exists the n-dimensional density ilnix, £{k)) and it 
takes values: 

ro ifx^£{k); 

dn{x,£{k)) = ifxGd£{k); 

[ 1 if X G £(k). 


Proof. Each chamber £{k) for /c 7 ^ 0 is a closed set (see Remark 4.2) and thus 

£{ky = £{k)^^\ 

£{k) =£{ky^\ 

Lemma 4.1 implies 

d£{k) = d*£{k) C £{k)(^) C d£{k). 

□ 


4.2. Proof of theorem 2.3. We are now ready to prove two propositions that immedi¬ 
ately imply Theorem 2.3. The following Proposition is needed in order to prove Assertion 
(i) in Theorem 2.3. 

Proposition 4.4. Let n < 7, N > 2 and be an open, bounded and connected set with 
boundary and finite perimeter in Let £ be a Cheeger N-cluster of £l. Then for 
every i G {1,..., N} there exists x G d£{i) such that |Rs(x) n T(0)| >0 for all s > 0. 

Proof. Without loss of generality (and for the sake of clarity) we can assume i = 1. We 
note that the proof of the lemma is a consequence of the following claim. 


Claim. d£{l)\ dQ U d£{k) 


Indeed, if the claim is in force then there exists x G clT(l) n and x ^ £ik) for all 
k 1. Since the chambers are closed we can also find a small ball Bs{x) CC £l such that 
Bs{x) r\£{k) = 0 for all A: / 1, implying (thanks to Lemma 4.3) 

n 

|£:(o) n Bs{x)\ = \Bs\ - Y, n = l^sl - l^^(i) n R,| > o 

k=l 

(because x G d£{l) = £{1)^2) and achieving the proof. 


Let us focus on the proof of the claim. Thanks to the connectedness of it is easy to 
show that d£{l) \ dll 0. If also d£{l) n d£{k) = 0 for A: / 1 the claim trivially holds. 
Otherwise it must exist at least an index j G {2,... ,N} such that d£{l) (1 d£{j) 0. 
Assume without loss of generality j = 2: 

d£{l)nd£{2) /0. 

Choose X G d£{l) n d£{2) and let us denote by M the connected component of d£{l) 
containing x. Note that x ^ dCl. Otherwise we would have x G d£{l) 0 d£{2) n d£l and 
because of the regularity of 0 and thanks to Lemma 4.3 this leads to a contradiction: 

1 |llni?r.(x)| |T(/i) n Rr(x)| 

- = hm — , „ , ,, — = hm > - , „ , ,, - 

2 r^0+ \Br{x)\ \Brix)\ 

h=0 

^ \£{l)nBr{x)\ \£{2)nBr{x)\ ^ ^ 

~ r^0+ \Br{x)\ \Br{x)\ 
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Figure 4.1. If (4.2) holds, then one of these two situations must be in force and 
we can contradict regularity by simply translate M until it kisses another part of 
the boundary yielding a not allowed point of density zero. 


Hence the following are in force: 

M\aO/0, Mnaf(2)/0. 


(4.1) 


We now note that, if 


M\ 


N 


ao U IJ d8{k) 


k=2 


then, necessarily M C d£{2) n 11. Indeed considered 


(4.2) 


y E M n dS{2) n (M \ dS{2)) = hdM{M n dS{2)), 

since (4.2) is in force (and since y E hdM{Mr\d£{2))) either there exists an index k ^ 1,2 
such that y E d£{k) or y E d£l. In both cases we reach a contradiction because y would 
be a point of density ^ for three disjoint sets {£{!),£{2), £{k) or £{!),£{2), ££). Thus the 
only possibility is that hdM{M n d£{2)) = 0 and since (4.1) is in force, by applying the 
following (topological) fact (4.3) we conclude that M = M rid£(2) C d£{2). 


If M C M"' is a closed connected set and C C M is a non empty , , 

subset of M, then bdM(C') ■= C Ci (M \ C) = 0 if and only if M = C. 

As before M n d£{2) n 911 = 0 otherwise we would have a point of density ^ for three 
disjoint set {£{!),£{2), ££) and hence M C d£{2) n H. This means that M must be a 
closed (7^’“ surface without boundary contained in H and disjoint from the other sets £{k) 
and from 911, which means that one of the situation of Figure 4.1 has to be in force. We 
are thus able to move a little bit M, and whatever is bounded by M, inside H as in Figure 
4.1 until it kisses d£{2) or d£{l) (we easily exclude that M bounds a hole of H with a 
slight variation of this previous argument). In this way we produce a zero-density point 
for £{1) or for £{2) without changing Ylj and this contradicts the regularity. 

Hence (4.2) cannot holds and the claim is true. 

□ 


The next Proposition implies Assertion (ii) in Theorem 2.3. 
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Proposition 4.5. Let n < 7, N > 2 and O be an open, bounded and connected set with 
boundary and finite perimeter in M”. Let S be a Cheeger N-cluster of Ll. Then 

^{S;n) = S(£:(0);^^) 

= {x G 9<S(o) n o 1<?(o)) = 0} 

N 

= f9n U d£{i)nd£{j)nd£{0). 

*J=1, 

Proof. Thanks to Proposition 4.4 the set T(0) is not empty. As pointed out in Remark 
2 .6, thanks to the regularity of each chambers, it is immediate that '£{£] Ll) = 5](T(0); n). 
Let us denote (for the sake of brevity) by 

So = S(£:(0);L!), 

A = {x G (9T(0) n n I 'dn{x,£{fi)) = 0} 

N 

B = nn [j d£{i)nd£{j)nd£{0). 

We note that R C A is immediate and also A C So is immediate, since if x G A then 
X ^ T(0)(2) 3 5*T(0). We are left to show that Sq C B. In order to do this we define the 
following family of subsets of £l. 


E^ 

:=£[i) 

/ \ 

for all 0 < 9 < 

(4.4) 


N ' 

:=IlPd£{i)Cd£{j)\ U d£{k) 

, for all 0 < 9 < J < 

(4.5) 


k=0, J 




:= H n d£(i) n d£(j) n d£(0), 

for all 1 < i < j < A". 

(4.6) 


It is easy to verify that the Borel sets defined in (4.4),(4.5),(4. 6 ) form a partition of 11. Now, 
for a given point x G Sq, clearly x ^ Ei for alH = 0, ..., iV. Thus either x G Fij for some 
0<i<i<A'orxG Gij for some 1 < i < j < N . If x G Fij, by closedness there exists a 
small ball Bs{x) such that d£{k)r\Bs{x) = 0 for all k i,j. This implies that either i = 0 
or j = 0 (since we have chosen x G Sq C 9T(0)) and that d£{0) n Bs{x) = d£{j) n Bs{x) 
leading to say that d£{0) must be regular in a small neighborhood of x and contradicting 
X G Sq. Hence necessarily x G Gij for some 1 < i < j < N and we achieve the proof: 
Sq T B. CH 

The following corollary is an easy consequence of Proposition 4.5. 

Corollary 4.6. Let n <7 , N >2 and H he an open, bounded and connected set with G^ 
boundary and finite perimeter in If £ is a Cheeger N-cluster for then S(T( 0 );H) 
is closed. 

Proof. Thanks to Proposition 4.5 we have that 

N 

F{£-,n) = nn y d£{i)nd£{j)nd£{0). (4.7) 

* 4 = 1 , 

Let {xfcjfcgN C S(T;H) such that Xk —)• x. Up to extract a subsequence we have that 
{xfcjfceN C H n d£{i) n d£{j) n d£{0) for some 1 < i < j < N (since (4.7) is in force). 
By closedness we obtain x G d£{i) n d£{j) n d£{0) and we need to prove that x G H. If 
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X G dVt. we have x G d£{i)f\d£{j)r\dVL which is a contradiction since x would be a point of 
density ^ for three disjoint sets £{1),£{2), 17'^). Hence x G H and thus x G S(£i(0); £l). □ 

The proof of Theorem 2.3 is now obtained as an easy consequence of the previous results. 

Proof of Theorem 2.3. Follows by Propositions 4.4, 4.5 and by Corollary 4.6. □ 


5. The planar case 

As in the previous sections, the proof of Theorem 2.7 is attained by combining different 
results that we state and prove in Subsection 5.2. We premise some technical lemmas. 

5.1. Technical lemmas. 


Lemma 5.1. Let n < 7, N > 2 and 17 be an open, bounded and connected set with 
boundary and finite perimeter in M”. Let £ be a Cheeger N-cluster for 17. If E is 
an indecomposable component of £{0) such that E CC 17, then there exist at least three 
different indexes i,j, A: / 0 such that dE f\£{i) / 0, dE n £{j) / 0, and dE r]£{k) / 0. 
In particular, E shares boundary at least with three different chambers. 


Proof. Let E he a generic indecomposable component of T(0). Assume that E shares its 
boundary with exactly two other different chambers j, A: > 1 and dE n c717 = 0. Then 
either 


a) n^-\d*E n d£ij)) > n^-\d*E n d£{k)), 


or 

b) n'^-\d*End£{k)) >n^-\d*End£{j)) 

hold. Assume that a) holds and define £i{j) := £{j)U E, £i{i) = £(i) for i j. Since 


p{£^{j)) = P{£{j)) - ie-^{d*E n d£{j)) + ir-^{d*E n d£{k)) 


we obtain: 

Hn{£1) 


< 


< 


k 

1^1 (j)i k 

P{£{j))-n^-^{d*EPd£{j))+ir-^{d*Er\d£{k)) P{£{i)) 

\£U)\ + \E\ 

P{£{j)) ^ P{£{i)) 

\£m + \E\ k ' 


If |F1| > 0 we are led to which is a contradiction, so \E\ = 0. Since 

E is open (because £(0) is open), then E = %. E shares its boundary with exactly 
one chamber we argue in the same way. We have discovered that every decomposable 
component of T(0) that shares boundary with exactly one or two chambers is empty. The 
proof is complete. □ 


Lemma 5.2. Let E be a Cheeger set of an open bounded set A C M^. Assume that the 
following properties hold for E: 

1) ff{hdQA{dAn dE)) < +oo, where 

hddAidA n dE) = [dA n dE] n [dA\dE]; 

2) every x G dA n dE is a regular point for dA, namely x G dA n dE C d* A ; 
ThenH^idEPdA) > 0. 
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Remark 5.3. It seems that it is possible to generalize Lemma 5.2 to dimension n > 2 
by making use of Alexandrov’s Theorem [Ale62] for the characterization of the Constant 
Mean Curvature (CMC) embedded hypersurface in M”. In this (more technical) framework 
hypothesis 1) can be weakened. Anyway, since we do not have to deal (at least here) with 
n > 2 and since for our purposes Lemma 5.2 is all we need to complete the proof of 
Theorem 2.7 we decide to not focus on this generalization. 


Proof of Lemma 5.2. Assume by contradiction that PL^{dE n dA) = 0. In this case 

h(\dA{dA n dE) = dE n dA. 


Let F be an indecomposable component of E and note that, since LI is a Cheeger set for 
A it must hold 


PjF) 

\F\ 


h{A). 


(5.1) 


Set 


M = hd 9 A{dAn OF) 

and if{M) = k < +oo. The well-known regularity theory for Cheeger sets, combined with 
the fact that k < -|-oo tells us that 


k 

dFnA = [Jai 

i=\ 


where each ai is a piece of the boundary of a suitable ball Bi (relatively open inside 
dBi) of radius The finiteness of M implies that for a suitably small r it holds 

Br{x) nM = {x} for all X G M and this means that for every x G M there exists two arcs 
ai, aj (with possibly i = j) such that x Gain oj. 

Let Bi,Bj the balls from which such arcs come from: ai G dBi, aj G dBj. Hypothesis 
2) implies that the outer unit normal to Bi and to Bj at x must coincide with i^Aix) 
and hence the balls Bi and Bj must coincide as well. Since k < +oo, by iterating this 
argument we conclude that there exists only one ball B of radius such that M C dB 
and dE n A = dB n A. In particular dE is equal to dB and by exploiting (5.1) we bump 
into a contradiction 

PjF) 

\F\ 

P{B) 

\B\ 

2tt 

h(A) 

2 

h(A) 

1 

h{A)^ 

2h{A) = 

The contradiction comes from the fact that we have assumed PL^{dE n dA) = 0, hence 
^.^{dE n dA) > 0 and the proof is complete. 

□ 


h{A) 

h{A) 

h{A) 

h{A) 

h{A). 


5.2. Proof of Theorem 2.7. 

Proposition 5.4. Let N > 2 and be an open, bounded and eonnected set with 
boundary and finite perimeter in the plane. Let £ be a Cheeger N-eluster of £l. Then 
S(T;n) = S(T(0);n) is a finite union of points. 
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Proof. We prove that S(iS(0);r2) has no accumulation point. In this way we show that 
S(iS(0);ri) is a closed (thanks to Theorem 2.3), bounded set of (since Q is bounded) 
without accumulation points which means that S(T( 0 ); fi) must be a finite union of points. 

Set So = S(T(0); fl) for the sake of brevity. Let ^ G dS{i)ndS{j) for some I < i < j < N 
that without loss of generality we assume to be i = l,j = 2. We can assume (up to a 
translation) also that ^ = (0,0). Since dS{l), dS{2) are regular, up to a rotation we can 
find a small closed cube 

Qs := [—e,e] x [—e,e] CC 

centered at ^ = ( 0 , 0 ) and two functions /i ,/2 : ^ such that /i(x) < f 2 {x) 

for all X G [—e, e] and: 

£{1) DQe = {{x,y) e Qe \ -e <y < fi{x)}, 
d£{l)n Qs = {{x,fi{x)) I X G [-£,£]}, 

£{2) nQs = {(x, y) eQs \ f 2 ix) <y <e}, 
d£{2)n Qs = {{x,f 2 {x)) I X G [-e,e]} 
d£{2) r\d£(l) r\Qs = {(x,?/) eQs\ y = fi{x) = f2{x) < e}, 

£1(0) DQs = {{x,y) e Qs \ -e < fi{x) <y < f 2 {x) < e}, 

£{k) D Qs = 9 for all k >3, 

(see Figure 5.1). Since the blow-up of d£{l) n d£{2) at ^ = (0,0) is a line, up to further 
decrease e, we can also assume that £{1) n Qs and £{2) n Qs are indecomposable, which 
is equivalent to say: 

\fi{x)\<£, |/ 2 (x)|<e VxG[-e,e]. 

We consider the set 

Eq := {x G [-£,£] I /i(x) < / 2 (x)}. 

which is relatively open inside [—e, e] (is the counter-image of the open set (— 2 e, 0 ) through 
the continuous function /i — / 2 ). Hence, Eq must be the union of countably many disjoint 
(open) intervals: 

/+00 

Eq = [-e, a) U (6, e] U I y (ufe, bQ 
\k=2 

for {afciy^oo, C [—£, e] (with a slight abuse of notation we are allowing also 

the possible cases a = —e, b = e oi even a = ai, 6 oo = 6 as in Figure 5.1). It is immediate 
that each 

Ak := {{x,y) £ Qs \ ttk < X < bk, /i(x) <y < / 2 (x)} 

is an indecomposable component of T(0). Observe that CC Qe CC H is an indecom¬ 
posable component of £{0) that share its boundary with exactly two chambers (T( 1 ),T( 2 )) 
and hence contradicts Lemma 5.1. This means that the only possibility is 

Eq = [-e, a) U (6, e] 

for some a, 6 G [—e, s]. By possibly decreasing s we can assume that {—£, fi{—e)), (e, /i(e)) ^ 
So n Qe- The only possibilities remained are 

1 ) a = —e and b = e, thus So n = 0 ; 

2 ) a / -e and b = e, thus EqHQs = {(a, /i(a))} = {(a, / 2 (a))}; 

3) a = -e and 6 / e, thus EqPQs = {{b, /i( 6 ))} = {( 6 , / 2 ( 6 ))}; 

4) a / -e and 6 / e, thus So 0 = {(a, /i(a)), ( 6 , fi{b))} = {(a, / 2 (a)), ( 6 , f 2 {b))}. 

In particular if{EQ n Qs) < 2 which means that Sq has no accumulation points. □ 
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Figure 5.1. This kind of behavior contradicts the minimality property of in 
particular it contradicts Lemma 5.1. 


We now exploit the stationarity of Cheeger Wclusters in order to derive information on 
their structure. 

Proposition 5.5. Let N > 2 and 11 be an open, bounded and connected set with 
boundary and finite perimeter in the plane. Let S be a Cheeger N-cluster of CL. For every 
j, k = 0,..., N, k j the set 

Ej^k ■■= [d£{j) n d£{k) n 11] \ S(£:(0); H) 

is relatively open in d£(j) H d£{k) n H and is the finite union of segments and circular 
arcs. Moreover the set £{j) has constant curvature Cj^k on each open set A such that 
An d£{j) C Ej^k- The constant Cj^k is equal to: 

( \£(k)\h{£(j))-\£(3)\h{£{k)) 

_ I l^(i)l+l^(fc)l , 2/ /e ^ U 

I H£{j))7 ifk = 0. 

As a consequence the set £{k) has constant curvature Ckj = —Cj^k on each open set A 
such that A n d£{k) C Ekj{= Ej^k)- 

Proof. If /c = 0 (or j = 0) we just notice that £{j) is a Cheeger set for 


Ho = H \ U 


so the free boundary Ej^q is the finite union of segments and circular arcs and £{j) has 
constant mean curvature Cj^ = h{£{j)) on each open set A such that A n d*£{j) C Ej^. 

Thus, we consider a couple j, k G {1, ..., A^} such that 

[d£(i) n d£{k) n H] \ S(£:(0); H) / 0 
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(otherwise there is nothing to prove and the proposition is trivial). The set S(T(0);n) is 
closed and is the finite union of points (thanks to Lemma 5.4). Hence 

Ej^k ■■= [ds{j) n dS{k) nn]\ S(T(0); O) 

is relatively open in dS{j) n d£{k) n 14. For every x G Ej^^, by closedness, there exists a 
ball Br{x) such that 


Br{x) n £{i) = (!} yi = l,...,N, ij^j,k. 

Note that, up to further decrease the value of r it must hold as well 

Br{x) n T(0) = 0. 

Indeed if this is not the case, we would have that x G d£{f)) n T(0)^°) and thus (thanks to 
Proposition 4.5) x G S(T(0);n) which is a contradiction since x G Ej^k- Hence, because 
of the minimality of £, the set d£{j) n d£{k) H Br{x) must solve an isoperimetric problem 
with volume constraint inside Bj.{x) and by exploiting stationarity it is possible to prove 
that each solution to an isoperimetric problem with volume constraint must be an analytic 
constant mean curvature hypersurface ([Magl2, Theorems 17.20, 24.4 ]). Set Cj^k and Ckj 
to be respectively the value of the mean curvature of £{j) and of £{k) in Br{x). Observe 
that, since £{k) (1 Br = £{j)'^ H Br it holds trivially that Ckj = —Cj^k- Let us compute 
the (constant) value of Cj^k- 


Consider a map T G C^{Br','S?), define for all |f| < e the diffeomorphism ft{y) = 
y + tT{y) and the cluster £t := {ft{£{i))}^i- Of course, for t suitably small, TjAT CC Br- 
Note that {ft \ — e < f < e} is a local variation in Bj. and that T is its initial velocity. By 
minimality it holds: 


P{£{j)) P{£{k)) ^ P{£t{j)) P{£t{k)) 

\£{j)\ ^ \£ik)\ - \£t{j)\ ^ \£t{k)\ ’ ' ' ^ 


Thus 


0 < 


± P{£tU)) 

dt t=o \£t{j)\ 



P{£t{k)) 
t=o \£t{k)\ 


With some easy computations 


(5.3) 


A 

dt 

fL 

dt 


Pi£tij)) 


\£U)\ 


dt 


t=0 


P{£t{j)) - P{£{j)) 


dt 


t=0 


\£tU)\ 


t=o \£t{j)\ 

P{£t{j)) = C,,k [ 

Jaea 


t=o 

d 


\£Ur 

{T{y) ■ ugQ){y))dn^{y) 


dt 


t=o 


\£t{j)\ = 


d£ij)nd£{k)nBr 

{T{y) ■ i^£(j){y))dP^{y)- 


ld£(j)rd£{k)rBr 


where we have used the facts that the mean curvature exists and that it is constantly equal 
to Cj^k in Br (and hence on d£{j) n d£{k) n Br). By denoting with 


f,= 


ld£{j)nd£{k)nBr 


{T{y) ■ us(^j){y))dn\y) 


fk= [ {T{y) ■ T^£(k)iy)) d74^(y), 

Ja£{j)nd£{k)nBr 
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we can write: 


dt 

d 


PjStjj)) 
t=o \£t{j)\ 
Pi£t{k)) 


dt 


t=o \£t{k)\ 


\£{juc,,k-p{m)fj 

\£{k)\fkCk,j - P{£{k))fk 
\£{k)\^ 


that plugged into (5.3),by observing that fj = —fk, lead to the relation: 

P(.£t{k)) 


d 

< — 
dt 


Pi£tij)) d 

t=o \£t{j)\ dt 


t=o \£t{k)\ 


\£{i)\f,C,,j,-P{£ij))f, , \£{k)\fkCk,j-Pi£{k))fk 


= f, 


\£UW 

\£{j)\c,,k-P{£{j)) 

\£ijW 


+ 


\£ik)\^ 

\£{k)\Ck,j - P{£{k)) 
\£{kW 


By choosing a Ti such that fj is positive and then a T 2 such that fj is negative we conclude 
that 


0 


\£{j)\C,,u-P{£{j)) 

\£{ 3 )? 


\£{k)\Ck,j - P{£{k)) 
\£{k)? 


Finally, by exploiting Cj^k = ~Ck,j we rach 

^ P{£{j)) Ck,j P{£{k)) 

\£{3)\ \£{3)\^ \£{k)\ ^ \£{k)\^ 

P{£{j)) P{£{k)) 

\£{j)\ \£{3)\^ ^ \£{k)\ ^ \£ik)\^ ’ 

that can be re-arranged as: 


Q,k{\£{j)\ + \£{k)\) = h{£{j))\£{k)\-h{£{k))\£{j)\, 

^ _ h{£{j))\£{k)\-h{£{k))\£{j)\ 

\£{j)\ + \£{k)\ 

In particular, since Cj^k do not depend on x G Ej^k and since the ambient space dimension 
is n = 2, Ej^k must be a finite union of circular arcs or segments with curvature \Cj^k\- D 


Our last proposition of the section put together Lemma 5.2 Proposition 5.4 and Propo¬ 
sition 5.5 and tells us that the interior chambers of a Cheeger A^-cluster are always inde¬ 
composable. We are making strong use of Proposition 5.4 which does not holds on d£l (see 
Figure 2.3 and Remark 2.9) and that is why we cannot extend the proof of the Proposition 
5.6 to all the chambers. 


Proposition 5.6. Let N > 2 and 12 be an open, bounded and connected set with 
boundary and finite perimeter in the plane. Let £ be a Cheeger N-cluster for 12. Then, 
every chamber <5(2) CC 12 for i Q is indecomposable. 


Proof. Assume, without loss of generality 2 = 1 and let Ei and E 2 be two different com¬ 
ponents of <5(1). By minimality it must hold 

^(^1) ^ ^ ^^(1)) .. 

l^il \E2\ I^:(i)I ■ ^ ^ 

The component E 2 is a Cheeger set for 


A = 


U^\^0') I 

jAi / 


U El 
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Hk){=£{k)) 




Figure 5.2. 


and by Theorem 2.1, every x G dE 2 H dA is a regular point for dA. Moreover hdQA{dA n 
dE 2 ) E S(T(0);n) (since £{i) CC 0) and thus, thanks to Proposition 5.4, we have 


#{hdaA{dAr\dE2)) < #(S(£:(0);O)) < +00. 


Therefore we can exploit Lemma 5.2 on E 2 and conclude that 'h}{dE 2 H dA) > 0. In 
particular we deduce that there exists an index /c / 0,1 such that 'h}{dE 2 n d£{k)) > 0. 
Define the new cluster F{\) = Ei, E{j) = £{j) for j ^ I (see Figure 5.2). Thanks to (5.4) 
it holds; 


N 


HN{n) = ^ 


2=1 


pjm) 

\P{i)\ ' 


Hence E it is also a Cheeger A^-cluster for £l. Consider the piece of boundary 


(5.5) 


5 = [d£{k) n dE 2 ] \ E{£{oy, D) / 0 

from the old cluster £. Proposition 5.5 tells us that S must be a circular arc and that £{k) 
must has constant mean curvature on S equal to: 

_ \£{l)\h{£{k))-\£{k)\h{£{l)) 

|£:(i)| + |£:(A;)| 

From the other side it holds E{k) = £{k) and, since S is now a part of the free boundary of 
E{k) (we have removed the component E 2 ), we have that E{k) = £{k) must has constant 
mean curvature on S also equal to: 


Ck,o = h{E{k)) = h{£{k)). 

Thus equality C^a = Ck,o must be in force, implying {h{£{k)) + h{£{l)))\£{k)\ = 0 which 
is impossible. □ 

Proof of Theorem 2.1. It follows from Propositions 5.4, 5.5 and 5.6. □ 


6. The limit of as p goes to one 

We conclude this paper by focusing on the asymptotic trend of LIat. We first briefly 
state the following Theorem involving the existence of the optimal partition for problem 
( 1 . 2 ). 

Theorem 6.1. For every 1 < p <n there exists an optimal partition for D in quasi-open 
sets such that 

N 

2=1 
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Proof. The existence of an optimal partition for (fl) follow as a simple variation of the 
argument in [CL07], or as a consequence of more general results contained in [BBH98], 
[BV13] or [BDM93] and thus we omit the details. □ 


In the following Proposition we compute the limit of as p goes to one. 
Proposition 6.2. If Q is an open bounded set with boundary then 

lim = HN(n). 

p—>-i 


Proof. Let T be a Cheeger Al-cluster for Q. Since dS{i) is C^, for every i = 1,..., A^ there 
exists a sequence of open sets {£t{i)}t>o such that Stii) CC S{i) for alH > 0 and 

£t{i) ^ £{i) in L\ P{£t{i)) ^ P{£{i)), 


as t —)■ 0 (see [Schl5]). In this way, since £t{i) are open sets (and thus quasi-open sets) 
strictly contained into and with disjoint closure, by exploiting (1.7) we reach: 


H„(a)=lunTPf, 


ii)) 


N 



On the other hand, thanks to (1.6) and to Jensen’s inequality we get (1.8): 



which completes the proof. 


□ 


6.1. On the asymptotic behavior of H]\f in dimension n = 2. 


Theorem 6.3. Denote with B a ball of unit radius and with H a unit-area regular hexagon. 
Let N > 2 and H be an open, bounded and connected set with boundary and finite 
perimeter in the plane. Then the following assertions hold true: 

1) If £ is a Cheeger {N -|- 1)-cluster for H then: 


\£{i)\ > 


h{B)‘^'K 

{Hn+i{£1) - Hn{Ci)Y 


V i — l,...,Ai-t-l; 


2) Hn{D) + ^/WTi < Hn+i{D), for all N e N; 

v 1^1 

3) for every 0 < e < | there exists NQ{£l,e) such that: 


< hgjwi + ATi- 


vISI - vW 

Proof. Thanks to the planar Cheeger inequality 


for all N > Nq{£1,s). 


h{E) > 


KB) 


( 6 . 1 ) 
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we observe that, given £ a Cheeger {N + l)-cluster of ri, it holds: 

> h{£{i)) + + H^{^) 


which, implies Property 1). 


Property 2) follows from Property 1): 


loi (-/V + l)/i(i3)^7r ^ 


and so 


which implies 


and thus 


|fl!| > 


(IV + l)/i(5)27r 




-f^TV+l (O) > pr7v(f^) + \/(iv + i) 


■ 


Let us prove Property 3). Let £1 be a Cheeger iV-cluster for 17. We exploit again the 
Cheeger inequality (6.1) and we obtain the lower bound 


N N 

HN{n) = Y, H£{i)) > V^h{B) Y 


> y/^h{B)N2 






Here we have used the inequality 




Ei=i xi 


, y N,n > 2, Xi > 0. 


Let us focus on the upper bound. Let T-Ls be the standard hexagonal grid of the plane, 
made by hexagons of area 5 (the one depicted in Figure 6.1), labeled with natural numbers. 
Define 

I{6) := {i G N I Usii) CC D}, 

m := #(/(5)). 

Up to a relabeling, let us assume that /((5) = {1,..., A:((5)}. Note that since T-isii) CC D 
we get 

KS) , /rx 

<YhVsh) = 

i=l 

From T-Lsi}) C D for alH = 1,..., /c(5) it follows 

< 'f. 
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Figure 6.1. The standard hexagonal grid of the plane, made by hexagons of 
area d, together with one of its possible labeling. 


If we set 6{N) = ^ for some a > 1 to be chosen, we are led to 


3 

N2 


HkiN)m < - - ^h{H). 

where k{N) = k{5{N)). Note that, by setting 

(cin)r(jv) •= dQ + ilr(7V) 
where r{N) = y^6{N) diam(//), it must hold 

kiN) \ 

^ \ U 1 - i^^)r{N)- 

Since 11 has Lipschitz boundary, for N bigger than Nq{0,), it also holds that 

|(ail),(^)| <4r(iV)P(ll) 

and so: 

|11| - 6{N)k{N) < |(911)^(7v)| < Ar{N)P{Q) = 4^y5{N) dmm{H)P{n), 


( 6 . 2 ) 


that imply 




For all N bigger than some fixed Nq depending only on H. It is easy to show that, for all 
a < |, up to further increase A^o in dependence only on H and a, it holds 

3 -4\/iV diam.{H) — ^ > N. 


yiTil Vi - 


1 - iVi-« 

Hence by choosing a < | we obtain 

k{N) >N y N>No, 
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and, thanks to the monotonicity given by Property 2) and to (6.2), provided also a > l + e 
we reach: 


[Ale62] 

[BB05] 

[BBH98] 

[BBO09] 

[BDGG69] 

[BDM93] 

[BM82] 

[Bucl2] 

[But 11] 

[BV13] 

[Che70] 

[CL07] 

[CLM15] 

[DPP09] 

[EG91] 

[Hen06] 

[KN08] 

[Leol5] 

[LP14] 

[Magl2] 

[Par09] 

[Parll] 

[SchlS] 




< 


< 




v^(i-ivi-“)5 

h{H) 


h{H) 




+ N2 


for all N > 


□ 
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